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Abstract
The achromatic number of a graph G is the largest number of colors which can be assigned to the vertices of G so
that adjacent vertices get di/erent colors and each pair of distinct colors appears on the ends of some edge. We show
that the achromatic number of the disjoint union of k cycles of length ‘1; ‘2; : : : ; ‘k is equal to the achromatic number of
the cycle of length p =
∑k
i=1 ‘i for any k6
√
p=2, and that the achromatic number of the disjoint union of k triangles
(resp. quadrangles) is equal to the achromatic number of the cycle of length 3k (resp. 4k) for any positive integer k.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
A complete n-coloring of a graph G is an assignment f of n colors, 1; 2; : : : ; n, to the vertices of G so that adjacent
vertices are assigned di/erent colors, and each pair of distinct colors appears on the ends of some edges. The achromatic
number of G, denoted achr(G), is the largest integer n for which there is a complete n-coloring of G. The achromatic
number was introduced by Harary et al. [3]. A survey of results on the achromatic number of graphs is presented in [4].
The achromatic number of a cycle was calculated in [3]. In [7], MacGillivray et al. obtained the achromatic number of
the disjoint union of paths.
It follows from the de<nition that if achr(G)¿ n, then |E(G)|¿ ( n2). A graph G is called n-minimal if |E(G)|= ( n2)
and achr(G) = n. This de<nition is due to Bhave [1] and Kelly [5].
In this note, we show that the achromatic number of the disjoint union of k cycles of length ‘1; ‘2; : : : ; ‘k is equal to
the achromatic number of the cycle of length p =
∑k
i=1 ‘i for any k6
√
p=2, and that the achromatic number of the
disjoint union of k triangles (resp. quadrangles) is equal to the achromatic number of the cycle of length 3k (resp. 4k)
for any positive integer k.
2. Results
We reserve the term coloring for proper vertex coloring. In a coloring of a graph, a pair of colors is repeated if the
pair appears on the ends of more than one edge.
The achromatic number of cycles were computed as follows.
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Theorem 1 (Harary et al. [5]). If k(k − 1)=26 n¡ (k + 1)k=2, then
achr(Cn) =
{
k − 1 if n= k(k − 1)=2+ 1 and k odd;
k otherwise:
Lemma 1. Let ‘1; ‘2; : : : ; ‘k (‘i¿ 3) be positive integers. Then there exist positive integers ‘′1; ‘
′
2; : : : ; ‘
′
k−1 such that∑k−1
i=1 ‘
′
i =
∑k
i=1 ‘i and
achr(C‘1 ∪ · · · ∪ C‘k )6 achr(C‘′1 ∪ · · · ∪ C‘′k−1 ):
In particular, if
∑k
i=1 ‘i = p, then
achr(C‘1 ∪ · · · ∪ C‘k )6 achr(Cp);
where Ct denotes a cycle of length t.
Proof. Let f be a complete m-coloring of C‘1 ∪ · · · ∪C‘k . Then there exists a pair of vertices u∈V (C‘i ) and v∈V (C‘j )
(i 	= j) such that f(u)=f(v). Without loss of generality, we may assume that i=k−1 and j=k. Let us de<ne C‘′i =C‘i for
each i = 1; 2; : : : ; k − 2 and C‘′k−1 : a · · · u1w1v2 · · · b · · · v1w2u2 · · · a when C‘k−1 : a · · · u1uu2 · · · a and C‘k : b · · · v1vv2 · · · b.
Then ‘′i = ‘i for each i = 1; 2; : : : ; k − 2 and ‘′k−1 = ‘k−1 + ‘k . We de<ne an m-coloring f′ of C‘′1 ∪ · · · ∪ C‘′k−1 by
f′(w1) =f′(w2) =f(u) and f′ =f on the other vertices of C‘′1 ∪ · · · ∪C‘′k−1 . Now, it follows from the completeness of
f that f′ is a complete m-coloring.
Lemma 2 (Georges [2]). Let ‘1; ‘2; : : : ; ‘n be positive integers such that ‘1 + ‘2 + · · · + ‘n =
( 2n
2
)
. Then E(K2n) can
be partitioned into n-open trails of length ‘1; ‘2; : : : ; ‘n, respectively. Moreover, in any partition of E(K2n) into n open
trails, every vertex of K2n is an endpoint of exactly one trail in the partition.
Theorem 2. Let 36 ‘16 ‘26 · · ·6 ‘k be positive integers and let
∑k
i=1 ‘i = p. If k6
√
p=2, then
achr(C‘1 ∪ C‘2 ∪ · · · ∪ C‘k ) = achr(Cp):
Proof. By Lemma 1, we know that achr(Cp)¿ achr(C‘1 ∪ C‘2 ∪ · · · ∪ C‘k ). To complete the proof, it suJces to show
that achr(Cp)6 achr(C‘1 ∪ C‘2 ∪ · · · ∪ C‘k ). For convenience, let Ck = C‘1 ∪ C‘2 ∪ · · · ∪ C‘k and let Pk be the path on k
vertices. Note that Pk has k − 1 edges.
Case 1: p=
( 2n+1
2
)
. In this case k6 n. Since ‘k¿ n(2n+ 1)=k,
‘k
3 ¿ n− (k − 1) and hence we can delete n− k + 1
vertices in C‘k so that the resulting graph have n−k+1 components which are paths of length at least 1. Now, by deleting
exactly one vertex from each cycle C‘i (16 i6 k−1), we can obtain a disjoint union of n paths Pn=P‘′1 ∪P‘′2 ∪· · ·∪P‘′n
which have
( 2n
2
)
edges. By Lemma 2, Pn has a complete 2n-coloring such that the color set assigned on the ends of
paths is {1; 2; : : : ; 2n}, that is, there is a one-to-one correspondence between {1; 2; : : : ; 2n} and the set of all end vertices
of Pn. Note that if we delete a vertex in a cycle then the resulting graph is a path and the inverse of this operation is
pasting a path P3, that is, attaching a P3 to the path by identifying the end vertices of two paths. Now, by pasting P3
to each component of Pn and assigning the color 2n + 1 on the center vertex of each attached n P3’s, we can obtain a
complete (2n+ 1)-coloring of Ck . Now, by Theorem 1, we have achr(Ck)¿ 2n+ 1 = achr(Cp).
Case 2: p=
( 2n+1
2
)
+1. Since achr(Cp)=2n, it is suJce to show that C‘1 ∪C‘2 ∪ · · ·∪C‘k has a complete 2n-coloring.
We consider the graph C‘′1 ∪C‘′2 ∪· · ·∪C‘′k such that ‘
′
i =‘i for i=1; 2; : : : ; k−1 and ‘′k =‘k −1. Since
∑k
i=1 ‘
′
i =
( 2n+1
2
)
,
C‘′1 ∪C‘′2 ∪ · · · ∪C‘′k have a complete (2n+1)-coloring. Assume that the colors 1; 2; : : : ; 2n+1 are assigned on a vertices
in C‘′1 ∪ C‘′2 ∪ · · · ∪ C‘′k . Without loss of generality we may assume that the color 2n + 1 assigned on a vertex of C‘′k .
In order to obtain a complete 2n-coloring on C‘′1 ∪ C‘′2 ∪ · · · ∪ C‘′k , change the color 2n + 1 to a color in {1; 2; : : : ; 2n}
so that the resulting is a graph coloring of C‘′1 ∪ C‘′2 ∪ · · · ∪ C‘′k . Note that a pair (i; j) of colors is repeated in this
complete 2n-coloring and at least one edge uv in C‘′k has such a pair as the color of its ends. Let us add a new vertex
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on the middle of the edge uv and assign a color in {1; 2; : : : ; 2n}− {i; j}. Then the resulting is a complete 2n-coloring of
C‘1 ∪ C‘2 ∪ · · · ∪ C‘k . Now, by Theorem 1, we have achr(Ck)¿ 2n= achr(Cp).
Case 3:
( 2n+1
2
)
+ 26p6
( 2n+2
2
)
+ n=
( 2n+1
2
)
+ 3n+ 1. First, we will show that for any sequence ‘1; ‘2; : : : ; ‘k , there
exist a sequence ‘′1; ‘
′
2; : : : ; ‘
′
k such that
∑k
i=1 ‘
′
i =
( 2n+1
2
)
, ‘′i¿ 3 and ‘i = ‘
′
i + j; j = 0 or j¿ 2. To do this, we consider
the following subcases.
Case 3.1: p=
( 2n+1
2
)
+ r for 26 r6 2n− 1. Let ‘′i = ‘i for i=1; 2; : : : ; k − 1 and ‘′k = ‘k − r. Then
∑k
i=1 ‘
′
i =
( 2n+1
2
)
.
Since k6 n and ‘k¿ (
( 2n+1
2
)
+ r)=k, ‘′k = ‘k − r¿ 2n+ 2− (2n− 1) = 3 and hence ‘′i¿ 3 for each i = 1; 2; : : : ; k.
Case 3.2: p =
( 2n+1
2
)
+ r for 2n6 r6 3n + 1 and ‘k−16 n + 2. Let ‘′i = ‘i for i = 1; 2; : : : ; k − 1 and ‘′k = ‘k − r.
Then
∑k
i=1 ‘
′
i =
( 2n+1
2
)
. Since k6 n and ‘k + ‘k−1¿ 2(
( 2n+1
2
)
+ r)=k¿ 4n+ 6, ‘′k = ‘k − r¿ 3n+ 4− (3n+ 1) = 3 and
hence ‘′i¿ 3 for each i = 1; 2; : : : ; k.
Case 3.3: p=
( 2n+1
2
)
+ r for 2n6 r6 3n and ‘k−1¿ n+ 3. Let ‘′i = ‘i for i= 1; 2; : : : ; k − 2 and let ‘′k−1 = ‘k−1 − n
and ‘′k = ‘k − (r − n). Then
∑k
i=1 ‘
′
i =
( 2n+1
2
)
and ‘′i¿ 3 for each i = 1; 2; : : : ; k − 1. Note that n6 r − n6 2n. Since
‘k¿ 2n+ 3, ‘′k¿ 2n+ 3− 2n¿ 3.
Case 3.4: p =
( 2n+1
2
)
+ r for r = 3n + 1 and ‘k−1¿ n + 3. Let ‘′i = ‘i for i = 1; 2; : : : ; k − 2 and let ‘′k−1 = ‘k−1 − n
and ‘′k = ‘k − 2n− 1. Then
∑k
i=1 ‘
′
i =
( 2n+1
2
)
and ‘′i¿ 3 for each i = 1; 2; : : : ; k − 1. Note that r − n= 2n+ 1. Since
‘k¿


(
2n+ 1
2
)
+ r
k


¿


(
2n+ 1
2
)
+ 3n+ 1
n


;
we have ‘k¿ 2n+ 4. This implies that ‘′k = ‘k − 2n− 1¿ 3.
Note that, in any case, it comes from Case 1 that C′k =C‘′1 ∪C‘′2 ∪ · · · ∪C‘′k has a complete (2n+1)-coloring f. From
this coloring f, we can obtain a complete (2n + 1)-coloring of Ck as follows: for Cases 3.1 and 3.2, let f˜ be the map
de<ned by f˜ = f for each vertex in C‘′i for i = 1; 2; : : : ; k − 1. Let C‘k be the graph obtained by adding r new vertices
w1; : : : ; wr on an edge uv of C‘′k . Assume that f(u) = 2n and f(v) = 2n + 1. Let us de<ne f˜ = f for each vertex on
C‘k except the new r vertices, f˜(w1) = 2n + 1 and f˜(wr) = 2n. On the remaining r − 2 vertices, we can de<ne f˜ so
that the resulting is a coloring. Then f˜ is a complete (2n + 1)-coloring on Ck . For Cases 3.3 and 3.4, let f˜ be the map
de<ned by f˜= f for each vertex in C‘′i for i= 1; 2; : : : ; k − 2. Since ‘k−1 − ‘
′
k−1¿ 2 and ‘k − ‘′k¿ 2, by a construction
method similar to Cases 2.1 and 2.2, we can obtain a complete (2n + 1)-coloring on Ck . Now, by Theorem 1, we have
achr(Ck)¿ 2n+ 1 = achr(Cp).
Case 4:
( 2n+2
2
)
+ n+ 16p6
( 2n+3
2
)− 1 = ( 2n+22 )+ 2n+ 1. In this case, k6 n+ 1. Let us delete P2 (an edge) from
each components of Ck − C‘k . Then the resulting graph is a disjoint union of k − 1 paths of length at least 2 and one
cycle of length ‘k . Let r=p−
( 2n+2
2
)
. Since ‘k¿ 2n+2, n− k+16 n and r−n6 n+1, we can delete (n− k+1) P2’s
(i.e. (n− k + 1) disjoint edges) and one Pr−n+1 (i.e., consecutive r − n edges) from C‘k so that the resulting graph has
(n− k +2) components and each component is a path of length at least 1. This means that we can obtain a graph which
is a disjoint union of n + 1 paths of length at least 1 by deleting n P2’s and one Pr−n+1 from Ck . Let us denote the
resulting graph P‘′1 ∪P‘′2 ∪ · · · ∪P‘′n+1 , where ‘
′
16 ‘
′
26 · · ·6 ‘′n+1. Note that P‘′1 ∪P‘′2 ∪ · · · ∪P‘′n+1 has
( 2n+2
2
)
edges and
hence, by Lemma 2, we can obtain a complete (2n+2)-coloring of P‘′1 ∪P‘′2 ∪· · ·∪P‘′n+1 . Let us reconstruct the graph Ck
by pasting removed n P2’s and one Pr−n+1 to the graph P‘′1 ∪P‘′2 ∪ · · · ∪P‘′n+1 . Now, by a method similar to the proof of
Case 2, we can obtain a complete (2n+2)-coloring of Ck . Now, by Theorem 1, we have achr(Ck)¿ 2n+2= achr(Cp).
Since for any positive integer p greater than or equal to 3 there exists a positive integer n such that
( 2n+1
2
)
6p¡
( 2n+3
2
)
,
we have the theorem.
For convenience, let kG stand for the k disjoint union of k copies of a graph G.
Corollary 1. (1) For any positive integers s; t,
achr(Cs ∪ Ct) = achr(Cs+t):
(2) For any positive integers k and m with k6 m=2,
achr(kCm) = achr(Ckm):
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Proof. (1) If s+ t¿ 8, then
√
(s + t)=2¿ 2. Now, by Theorem 2, we have achr(Cs ∪Ct)= achr(Cs+t). If s+ t6 7, then
s + t = 6 or s + t = 7. In any case, we can show that achr(Cs ∪ Ct) = achr(Cs+t). Hence, we have (1).
(2) If k6 m=2, then 2k6m and hence k6√km=2. Now, (2) follows from Theorem 2.
Theorem 3. (1) Let G be a regular graph of degree m. If G has a complete n-coloring, then⌈
n− 1
m
⌉
n6 |V (G)|:
(2) Let G and H be two graphs such that H has an achr(G)-coloring. Let S be an independent vertex set of H
such that |N (S)|¿ achr(G) and V (H) − S = N (S), where N (S) is the set of vertices adjacent to vertices in S. If
H has an achr(G)-coloring, then achr(G ∪ H)¿ achr(G) + 1. In particular, for any graph G and any cycle C‘, if
t¿ achr(G)=(‘ − ‘=3), then
achr(G ∪ tC‘)¿ achr(G) + 1:
Proof. (1) Let f be a complete n-coloring of G and let c be a color. Then, by the de<nition of complete n-coloring,
f−1(c) contains at least (n− 1)=m vertices. Hence |V (G)|=∑nc=1 |f−1(c)|¿ n(n− 1)=m.
(2) Let f be an achr(G)-coloring of H . We de<ne an (achr(G)+ 1)-coloring f′ of H as follows: f′(v)= achr(G)+ 1
for each v∈ S. Note that f(V (H) − S) is a subset of {1; 2; : : : ; achr(G)}. Since |N (S)|¿ achr(G) and V (H) − S =
N (S), by a suitable recoloring on the vertices in N (S), we can get an (achr(G) + 1)-coloring f′ such that f′(N (S)) =
{1; 2; : : : ; achr(G)}. Now, by combining a complete achr(G)-coloring of G and this coloring f′ of H , we can get a
complete (achr(G) + 1)-coloring of G ∪ H .
Let G be a graph. Note that any cycle C‘ of length ‘ contains an independent set I such that |I | = ‘=3 and
N (I) = V (C‘)− I . Now, by taking such an independent set in each component of tC‘, we can get an independent subset
S in tC‘ such that |N (S)|¿ t(‘− ‘=3) and N (S) = V (tC‘)− S. If t¿ achr(G)=(‘− ‘=3), then |N (S)|¿ achr(G).
Since S satis<es the condition of the above statement, we have that G ∪ tC‘ has a complete (achr(G) + 1)-coloring. It
completes the proof.
It is not diJcult to see that the achromatic number of kC3 equals $ if and only if the
( $
2
)
2-subsets of {1; 2; : : : ; $}
can be covered by k triples. The minimum number of triples required for each $ has been determined (e.g., see [6]), and
equals
$2
6
if $ ≡ 0 (mod 6);
$2 − $
6
if $ ≡ 1 or 3 (mod 6);
$2 + 2
6
if $ ≡ 2 or 4 (mod 6);
$2 − $+ 4
6
if $ ≡ 5 (mod 6):
Now, by comparing this and Theorem 1, one can have the following:
Theorem 4. For any positive integer k,
achr(kC3) = achr(C3k):
Theorem 5 (Gearges [2]). The edges of
(1) Kn can be partitioned into 4-cycles if and only if n= 8q + 1.
(2) K2n can be partitioned into
( n
2
)
4-cycles and a perfect matching.
(3) K8m+3 can be partitioned into 8m2 + 5m 4-cycles and one 3-cycle.
(4) K8m+5 can be partitioned into 8m2 + 9m+ 1 4-cycles and two 3-cycles.
(5) K8m+7 can be partitioned into 8m2 + 13m+ 4 4-cycles and one 5-cycle.
Theorem 6. For any positive integer k,
achr(kC4) = achr(C4k):
334 J. Lee, Young-hee Shin /Discrete Applied Mathematics 143 (2004) 330–335
Proof. By Lemma 1, we know that achr(kC4)6 achr(C4k). To complete the proof, it suJces to show that achr(kC4)¿
achr(C4k), or kC4 has a complete achr(C4k)-coloring.
Case 1:
( 8m+1
2
)
6 4k ¡
( 8m+2
2
)
+ 4m+ 3.
Case 1.1: If 4k=
( 8m+1
2
)
, by (1) of Theorem 5, a complete (8m+1)-coloring of kC4 can be obtained from the complete
(8m+ 1)-coloring of K8m+1.
Case 1.2: If
( 8m+1
2
)
¡ 4k ¡
( 8m+2
2
)
+4m+3, since 4k=
( 8m+1
2
)
+4s for some s¿ 1, 8m+1=achr((k−s)C4)6 achr(kC4).
Now, by Theorem 1, we have achr(kC4)¿ 8m+ 1 = achr(C4k).
Case 2:
( 8m+2
2
)
+ 4m+ 36 4k ¡
( 8m+3
2
)
+ 1.
Case 2.1: If 4k=
( 8m+2
2
)
+4m+3, by (2) of Theorem 5, the complete graph K8m+2 with the vertex set {1; 2; : : : ; (8m+2)}
can be edge disjoint partitioned into
( 4m+1
2
)
4-cycles and a perfect matching, say {12; 34; : : : ; (8m+1)(8m+2)}. From this
perfect matching, for n=1; 2; : : : ; 4m, let us connect {(2n−1); (2n+1)}, and {(2n); (2n+2)}, then we get 4m edge disjoint
4-cycles. Let a and b be two vertices which are not in {1; 2; : : : ; (8m+ 2)}. Add a 4-cycle (8m+ 1)ab(8m+ 2). Now we
have 4m+1 edge disjoint 4-cycles. A complete (8m+2)-coloring of kC4 can be obtained from a complete (8m+2)-coloring
f of K8m+2 and f(a) 	= f(b); {f(a); f(b)} ⊂ {1; 2; : : : ; (8m)}. Then the resulting is a complete (8m+2)-coloring of kC4.
Case 2.2: If
( 8m+2
2
)
+ 4m + 3¡ 4k ¡
( 8m+3
2
)
+ 1. By a method similar to the proof of Case 1.2, we can see that
achr(kC4)¿ 8m+ 2 = achr(C4k).
Case 3: 4k =
( 8m+3
2
)
+ 1. Since achr(Cp) = 8m + 2; p =
( 8m+3
2
)
+ 1, it is suJce to show that kC4 has a complete
(8m+2)-coloring. By (2) of Theorem 5, a complete graph K8m+3 can be edge disjoint partitioned into 8m2 + 5m 4-cycles
and one 3-cycle. Let us consider a complete (8m+3)-coloring f of K8m+3, and without loss of generality we may assume
that the color (8m+3) assigned on a vertex of 3-cycle. In order to obtain a complete (8m+2)-coloring on kC4, change the
color (8m+3) to a color in {1; 2; : : : ; (8m+2)} so that the resulting is a graph coloring of (k−1)C4∪C3. Note that a pair
(i; j) of colors on C3 is repeated in this complete (8m+2)-coloring and at least one edge uv in C3 has such a pair as the
color of its ends. Let us add a new vertex on the middle of the edge uv and assign a color in {1; 2; : : : ; (8m+2)}−{i; j}.
Then the resulting is a complete (8m+ 2)-coloring of kC4.
Case 4:
( 8m+3
2
)
+ 56 4k ¡
( 8m+4
2
)
+ 4m+ 2.
Case 4.1: If 4k =
( 8m+3
2
)
+ 5, by (3) of Theorem 5, a complete graph K8m+3 with the vertex set {1; 2; : : : ; (8m + 3)}
can be edge disjoint partitioned into 8m2 + 5m 4-cycles and one 3-cycle, say abca.
A complete (8m + 3)-coloring of kC4 can be obtained from a complete (8m + 3)-coloring f of K8m+3 as follows:
the coloring of (k − 2)C4 is consistent in coloring of 8m2 + 5m 4-cycles of K8m+3, and on the vertices of 2C4, color
f(a)f(b)f(c)f(b) and f(a)f(c)f(b)f(c). Then the resulting is a complete (8m+ 3)-coloring of kC4.
Case 4.2: If
( 8m+3
2
)
+ 5¡ 4k ¡
( 8m+4
2
)
+ 4m + 2. By a method similar to the proof of Case 1.2, we can see that
achr(kC4)¿ 8m+ 3 = achr(C4k).
Case 5:
( 8m+4
2
)
+ 4m+ 26 4k ¡
( 8m+5
2
)
+ 2.
Case 5.1: If 4k=
( 8m+4
2
)
+4m+2, by (2) of Theorem 5, a complete graph K8m+4 with the vertex set {1; 2; : : : ; (8m+4)}
can be edge disjoint partitioned into
( 4m+2
2
)
4-cycles and a perfect matching, say {12; 34; : : : ; (8m + 3)(8m + 4)}. From
this perfect matching, let us connect {(2n − 1); (2n + 1)}, and {(2n); (2n + 2)} for n = 1; 2; : : : ; (4m + 1). A complete
(8m+ 4)-coloring of kC4 can be obtained from the complete (8m+ 4)-coloring of K8m+2.
Case 5.2: If
( 8m+4
2
)
+ 4m + 2¡ 4k ¡
( 8m+5
2
)
+ 2. By a method similar to the proof of Case 1.2, we can see that
achr(kC4)¿ 8m+ 4 = achr(C4k).
Case 6:
( 8m+5
2
)
+ 26 4k ¡
( 8m+6
2
)
+ 4m+ 5.
Case 6.1: If 4k =
( 8m+5
2
)
+ 2, by (4) of Theorem 5, a complete graph K8m+5 with the vertex set {1; 2; : : : ; (8m + 5)}
can be edge disjoint partitioned into 8m2 + 9m+ 1 4-cycles and two 3-cycles, moreover, last two 3-cycles have common
vertex [2], say abca and adea. A complete (8m+ 5)-coloring of kC4 can be obtained from a complete (8m+ 5)-coloring
f of K8m+5 as follows: the coloring of (k − 2)C4 is consistent in coloring of 8m2 + 9m+1 4-cycles of K8m+5, and on the
vertices of 2C4, color f(a)f(b)f(c)f(d) and f(a)f(c)f(d)f(e). Then the resulting is a complete (8m+ 5)-coloring of
kC4.
Case 6.2: If
( 8m+5
2
)
+ 2¡ 4k ¡
( 8m+6
2
)
+ 4m + 5, by a method similar to the proof of Case 1.2, we can see that
achr(kC4)¿ 8m+ 5 = achr(C4k).
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Case 7:
( 8m+6
2
)
+4m+56 4k ¡
( 8m+7
2
)
+3. By a method similar to the proof of Case 2, we can see that achr(kC4)¿ 8m+
6 = achr(C4k).
Case 8:
( 8m+7
2
)
+ 36 4k ¡
( 8m+8
2
)
+ 4m+ 4.
Case 8.1: If 4k =
( 8m+7
2
)
+ 3, by (5) of Theorem 5, a complete graph K8m+7 with the vertex set {1; 2; : : : ; (8m + 7)}
can be edge disjoint partitioned into 8m2 + 13m+ 4 4-cycles and one 5-cycle, say abcdea.
A complete (8m + 7)-coloring of kC4 can be obtained from a complete (8m + 7)-coloring f of K8m+7 as follows: the
coloring of (k − 2)C4 is consistent in coloring of 8m2 + 13m + 4 4-cycles of K8m+3, and on the vertices of 2C4, color
f(a)f(b)f(c)f(d) and f(d)f(e)f(a)f(b). Then the resulting is a complete (8m+ 7)-coloring of kC4.
Case 8.2: If
( 8m+7
2
)
+ 3¡ 4k ¡
( 8m+8
2
)
+ 4m + 4 by a method similar to the proof of Case 1.2, we can see that
achr(kC4)¿ 8m+ 7 = achr(C4k).
Case 9:
( 8m+8
2
)
+4m+46 4k ¡
( 8(m+1)+1
2
)
. By a method similar to the proof of Case 5, we can see that achr(kC4)¿
8m+ 8 = achr(C4k).
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